Abstract. We present two different families of eleven-dimensional manifolds that admit non-restricted extensions of the isometry algebras to geometric superalgebras. Both families admit points for which the superalgebra extends to a super Lie algebra; on the one hand, a family of N = 1, ν = 
1 The setup
CW-spaces
In this text we consider CW-spaces and ask about the conditions such that they can be considered as backgrounds in supergravity. In this context CW-spaces have been discussed in [1] [2] [3] [4] [5] [6] , for example. CW-spaces are Lorentzian solvable symmetric spaces that has been characterized in the early 1970's by M. Cahen and N. Wallach, see [7] . There is a one-to-one correspondence between D = n+2-dimensional CW-spaces and triples (V, B, ·, · ) of an n-dimensional euclidean vector space V , a symmetric map B ∈ End(V ), and an extension ·, · of the euclidean product on V to a block-diagonal Lorentzian metric on W = Ê 2 ⊕ V . We fix a null basis {e + , e − } of the Ê 2 -factor. The manifold structure of the CW-space is infinitesimally defined by a Lie algebra structure on V * ⊕ W of which the non-vanishing brackets are given by 
Γ + : S + → S − and S + = kerΓ + . We denote the components of a section ξ ∈ ✓ S with respect to the above decomposition by ξ = ξ 1 + ξ 2 .
The Levi-Civita connection on M B induces a connection on the spinor bundle. It is given by
From [9] we know that any connection D on S that is compatible with the symmetric structure of M B is described by a pair of elements (c, d) of the Clifford algebra of V . It is given by The parallel spinors with respect to this connection are given by ξ = (ξ 1 , ξ 2 ) with
where
) is a constant spinor subject to the condition
Geometric superalgebras
A geometric superalgebra of a CW-space M B is an extension of K 0 to a superalgebra K 0 ⊕ K 1 with the following properties:
1. K 1 is a subset of the space of the sections that are parallel with respect to a connection D on a spinor bundle S.
There exist a linear map
3. There exist a bilinear symmetric map {·, ·} :
A geometric superalgebra is called irreducible if S is as a Clifford module. In case that the spinor bundle is reducible with S ⊗ N we call the superalgebra N -extended; sometimes we write N = 1 instead of irreducible. A geometric superalgebra is called non-restricted if the space K 1 contains all parallel spinors, otherwise it is called restricted. We denote by ν the quotient of dimK 1 and dimS. Then a superalgebra extension of a CW-space with flat connection is non-restricted if and only if ν = 1. Nevertheless, a superalgebra extension with ν < 1 can be restricted or a non-restricted.
A geometric superalgebra is called supersymmetry algebra if the extension actually is a super Lie algebra, i.e. if in addition 4. L {ξ,ξ} ξ = 0 is fulfilled for all ξ ∈ K 1 .
In this situation we also say that the underlying space admits geometric supersymmetry.
In our situation L is the spinorial Lie derivative, see [10] . It is properly defined for Killing vector fields X and given by
In particular, for this map the second part of 2. is satisfied.
From now on we restrict to D = 11 and n = 9.
2.1 A family of N = 1, ν = 1 geometric superalgebras
We consider connection (5) with
These Clifford elements obey
Therefore, (c, d) yields a flat connection on the CW-space M B that is defined by
It is indecomposable if and only if α = ±β. We write λ 2 j = −(α − β) 2 for j ∈ {1, 2, 3} and λ
2 for j ∈ {4, . . . , 9} and set λ j = −i(α ± β).
If we consider
In particular we have dim K 1 = dim S such that ν = 1.
To complete the geometric superalgebra wee need the map {·, ·} :
2 ) by giving its projections onto the different directions of K 0 . The full map is then given by polarization. We consider the charge conjugation C in eleven dimensions. It is skew-symmetric and obeys
We write {ξ, ξ} ={ξ, ξ}
{ξ, ξ}
with
for i, j ∈ {4, . . . , 9} (17) In fact, a calculation similar to those in [11] proves the compatibility of L and {·, ·} and yields the following result. It is an extension of the results obtained in [2] and a special case of a more general classification result on supergravity backgrounds of Cahen-Wallach type of which a publication is in preparation.
Proposition 2. The CW-space given by
together with the connection D described in (5) 
A family of non-restricted
We follow the way of construction from the preceding section. For this we consider now a connection that is defined by a pair of Clifford elements
where we introduced the combinations
The quadratic map q c,d associated to these elements is given by
Therefore, we consider the CW-space M B with
(20) It is indecomposable if and only if α ± = ±α ′ + . As before, we write λ
2 for j ∈ {6, . . . , 9}, and set λ j = −i(α ± ± α ′ + ). The connection defined by (c, d) above is non-flat such that ν = 1 cannot be obtained. The parallel spinors in this situation define K 1 and are given by
2 ) ∈ K 1 with the same relations as before, namely (15).
We also complete the structure by introducing the map {·, ·} :
as before. In this case it is given by
(22) The involved calculations that prove the compatibility of L and {·, ·} can be found in [11] .
We summarize the above in the following statement.
Proposition 3. The CW-space that is given by the symmetric map
Remark 4.
• The first three bracket projections in (17) and (22) are the analog of the usual supersymmetry brackets as known from the super Poincaré-algebra in the flat situation. In more common notation it reads as {Q α , Q β } µ = Γ µ αβ . The two further projections are strongly related to the ingredients that enter into the definition of the superalgebra, namely the coefficients of the connection that defines the odd summand.
• In the N -extended situation the charge conjugation is replaced by the tensor product of a charge conjugation on the first factor and a bilinear form on the second factor in the construction of the odd-odd bracket.
Remark 5.
The parameters of the families of geometric algebras in Propositions 2 and 3 can be reduced by one if we identify isometric Cahen Wallach spaces, so we are left with a 1-parameter family and a 2-parameter family, respectively.
Supersymmetry algebras
Propositions 2 and 3 tell us what the geometric superalgebras look like. The next question we will discuss is: when does such algebra yield a supersymmetry algebra? Or: what CW-space can be considered as supergravity background? The obstruction to this is the cubic spinorial condition 4, namely L {ξ,ξ} ξ = 0.
Using (16) this is
If we split this into its two components we see that it yields one cubic equation for the constant spinor ξ 
and
The only combinations of coefficients for which (25) and (24) can be identically solved is α = −3β.
The analogue of (24)- (25) for the superalgebras from Proposition 3 can be found in [11] and the only choice of coefficients that solve the resulting equations is α + = −3α ′ + . We collect the results in the following proposition. 
and (c, d) is given by
Remark 7. Part one of the above Proposition is exactly the unique maximal supergravity background of CW-type that has been considered in [1, 2] . The uniqueness follows after identifying isometric spaces, see Remark 5.
A common reduction
Consider two CW-spaces of dimension
associated to the symmetric maps B ′ and B = B ′ ⊕ B ′′ . These two spaces come with geometric superalgebras K ′ and K that are N ′ -extended and N -extended.
Furthermore the relation
Then K ′ is called a reduction of K -K an oxidation of K ′ -if the following holds: We erase from K 0 exactly n − n ′ Killing vector fields from K (i) and the same from K (i * ) such that the remaining part K remains an algebra and is isomorphic to K ′ -maybe after restricting K 1 . This is in particular of interest in the following situations:
• Can we reduce and/or oxidate a geometric supersymmetry so that the result is such, too?
• Suppose no member of a family of geometric superalgebras yields geometric supersymmetry, can we find a reduction of a member that does?
We will address these question with regard to the families we presented before.
The first reduction
Due to the nature of the connection defined by (18) the odd part of the super Lie algebra from Proposition 6-2 cannot be restricted further in the generic situation. Nevertheless, there is one configuration of parameters where this is possible, namely α ′ + = 0. In this situation, we are left with a decomposable CW-space associated to B = −α 2 diag(1, 1, 0, 1, 1, 0, 0, 0, 0, 0) and the odd part of the geometric supersymmetry is restricted to X By taking a closer look at (24)-(25) we see that both terms vanish for a truncated summation over {1, 2, 4, 5} if the proposed restriction is performed. The resulting algebra can then be interpreted as a reduced 4-extended geometric supersymmetry in the following way. These are exactly the data for the D = 6, N = 4 supergravity background proposed in [12] .
Consider the six-dimensional CW-space associated to B = −α 2 ½ 4 and its spinor bundle S 6 with charge conjugation C 6 . Within S = S 6 ⊗ 4 we identify the second factor with the five-dimensional spin-representation and provide it with the charge conjugation C 5 . Then C = C 6 ⊗ C 5 defines a bilinear form on S. Furthermore we consider the connection defined by
Here T is some vector in Ê 5 regarded as an element of the Clifford algebra with
The parallel spinors of this connection are parametrized by constant spinors ξ
To define K 1 we impose the further condition X We use C to write down the bracket structure of the algebra:
{ξ, η} 
The second reduction
As we know, the non-restricted geometric superalgebras with ν = 1 from Proposition 2 only yield geometric supersymmetry for a special choice of coefficients, see Proposition 6-1. Nevertheless, if we again take a look at (24)-(25) for the choice β = 0 we see that the truncation to {1, 2, 4, 5} annihilates both sums if we consider a restriction to ν = 1 /2 of the odd part that is similar to the one before, namely X 
Concluding remarks
• The correspondences that have been claimed in Propositions 8 and 9 can be made precise by identifying T with Γ 3 and embedding M 6 into M 11 by (±, 1, 2, 3, 4) → (±, 1, 2, 4, 5).
• We will briefly explain, why the two six-dimensional supersymmetries constructed in the last to subsections are essentially the same although the connections that define the structures are not.
In the construction of both supersymmetries we could have forget about the further restriction of ξ 0 1 . That would also lead to supersymmetries and to six-dimensional supergravity backgrounds but with ν = 3 /4 in both cases. The first one would then be non-restricted and the second one would be restricted, by definition. However, by introducing the further condition on ξ 0 1 we guarantee that the algebra structures in both cases coincide. Roughly, this due to the fact that both connections differ by a half spinor projection that enters into the bracket structure (27). In case of additional restriction this is only artificially present so that we could omit it.
• We want to emphasize the differences of the two oxidation of Propositions 8 and 9.
In the first case the eleven-dimensional CW space is decomposable with non-flat connection and the geometric superalgebra is indeed a super Lie algebra. Therefore, oxidation and reduction can both be considered as supergravity backgrounds.
In the second case the oxidation is an indecomposable CW-space with flat connection but the superalgebra does not define supersymmetry. Nevertheless the space belongs to a family of geometric superalgebras that contains a supersymmetric solution, namely the sole maximal supergravity background of CW-type, see Remark 7
